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We examine the problem of turbulent diffusion in dynamically active gases in an air stream. 
We found the relationship between the diffusion factor and the Richardson number, as 

well as the relationship between the gas concentration of the gas-release wall from the de- 

cisive parameters, A method is presented for the numerical solution of the resulting system' 
of relationships for the diffusion of an active gas, and the results of the calculation are also 
presented. 

The diffusion of an active impurity (i.e., an impuri ty  whose presence  in an a i r  s t r eam will a l ter  
the diffusion proper t ies  of the latter) is a phenomenon par t icular ly  widespread in nature.  It assumes  p a r -  
t icular  importance in mine shafts.  Because of the re lease  of methane, hydrogen, and several  other gases 
into the ventilation air  s t r eams  of shafts,  regions of degenerated turbulence may develop and substantial 
amounts of explosive and harmful  gases  may accumulate in these. 

Despite the grea t  significance of the p rocesses  of ac t ive- impur i ty  diffusion (gases, heat,  moisture)  
with respec t  to the various branches  of engineering,  the theory of these p rocesses  has not been adequately 
developed. The present paper represents a study of the diffusion of a light gas in an air stream moving 

through a rectangular channel; the gas is liberated throughout the entire surface of the upper wall. 

Observations show that under the specified conditions we can neglect the diffusion in the direction 

toward the side walls. The diffusion equation in this case will be 

U Ox~OC _ Ox20 [(e+D)0-~xc2] , (1) 

where the Oxl-axis is d i rec tedalong the s t ream,  while the Ox2-axis is directed f rom the gas - r e l ea se  wall to-  
ward the s t ream,  in a direction perpendicular  to that of the main flow. 

The unique feature of Eq. (1) in the case under considerat ion is the fact that U and a are functions 
of the gas concentrat ion e in the flow. 

The function U (c) is valid only for strat if ied inclined flows for which it can be determined,  in ap-  
proximate  t e rms ,  f rom the express ion 

g = U'--  sign (8) Uc. (2) 

For  a p lane-para l le l  flow the Reynolds equation assumes the form 

dT 
--  h' + F, (3) 

dx2 

whe re 

h'- -  dp 
dxl 
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Fig .  1. Graphs  showing the ve loc i t i e s  Ue, 7 ' ,  and 
(m/ see )  fo r  the case  of me thane  l ibe ra t ion  f r o m  the roof :  
I and II) zones ;  e ,  %; x 2, m .  

Bea r ing  in mind that F = 0 in a homogeneous  flow and that 

dU' h' 2 �9 P 
= (~ + P~I) -d~-2 ' = ~~ S -  ' 

_ 2 U '  a f t e r  double i n t e g r a t i o n  fo r  the boundary  condi t ions  x 2 = O, ~- = T w - C~wUav, = 0 f r o m  (3) we obta in  

- -  •  0 ~ - - •  , (4) 
H a o 

where 

= Uav | / /  
(z o u* 

F P 

The ve loc i ty  Uc  can be de r ived  by in t eg ra t ion  of (3) fo r  F =g (Pav  - P) sinfi 

Ho I aw f dx~ ~ ,  "o ; x~dx~ ; - -  ; (1 - -p .*)dx~dx* 2 ] . (5) 0 K = v*' - -H-  • a~- p~*8~- - -  • . + sin 13 g H ~ -  1 
p 'E l  U* " p*8; 

In (5) the p r i m e s  denote that the c o r r e s p o n d i n g  quant i t ies  r e f e r  to those r eg ions  [zones] of the flow in which 
the mot ion  is p r o c e e d i n g  in a single d i r ec t i on  (with the f ree  convec t ion  of  the g a s - a i r  mix tu re  in the a i r  
duct  and with the r e l e a s e  of a l ight gas  f r o m  the upper  wall  we find two zones in which the a i r  is moving  in 
the s a m e  d i r ec t ion :  at the upper  wall  the mot ion  is upward  and at the l ower  wall  the mot ion  is downward  

P 8 z 
p *  - -  ; 81 Pay v*' H' " 

E x p r e s s i o n  (2), in conjunct ion  with (4) and (5), d e t e r m i n e s  the va lues  of U in the di f fus ion equat ion  (1). 
Calcula t ion  of the ve loc i ty  f r o m  these e x p r e s s i o n s  fo r  a given c o n c e n t r a t i o n  prof i le  and Uav = 1 m / s e c  and 
fo r  a 0 = 2 0 . 1 0  -4 kg . s e c 2 / m  4 is g iven in Fig ,  1. 

The  turbulent  diffusion of an ac t ive  gas  in an a i r  s t r e a m  a l t e r s  the diffusion p r o p e r t i e s  of  the l a t t e r .  

Le t  us examine  the volume e l e m e n t  ~2 of the g a s - a i r  mix tu re  (Fig. 2) which,  as  a r e su l t  of pulsa t ing  
mot ion ,  is mixed  f r o m  l a y e r  1 of dens i ty  Pt to l a y e r  2 with dens i ty  P2(Pl > P2). The vo lume ~2 is af fec ted  
by the spec i f ic  e jec t ion  fo rce  Fe whose  work  ove r  the length l - e q u a l  to the mixing  l e n g t h -  is given by 

a gl~ O~x 2 = - -  cos p. (6) 
2 

A flow of a liquid moving at some velocity s may exert a resistance to the volume $2 that is identical 

to the action of the ejection force. In this case 

ps u 

2 

whence with consideration of (6), and if we also bear in mind that 

z = . , / / 0 D  
- ~ '  
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Fig. 2. Diagram for the calculation of the 
ejection force. 
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Fig .  3. U n i v e r s a l  func t ion  e~ (x2) 
for  a m e a n d e r i n g  shaft .  

we find . 

s = ul Ri I/2 , (7) 

whe re  

_ i0, ~ 
m -  'iF ( / cos (s> 

\ Ox~) 

is  the R i c h a r d s o n  n u m b e r .  

As  a r e s u l t  of the d i f fus ion  in the d i r e c t i o n  of the Ox2-axis we wi l l  develop a c e r t a i n  "diffusion v e l o c i -  

ty" 
U~U2~S. 

As is wel l  known,  the coef f ic ien t  of t u r bu l e n t  d i f fus ion is equal  to 

e = - -  lcv. 

With the d i f fus ion  of p a s s i v e  i m p u r i t i e s  we have v = u 2 and lc = l .  We then have 

8 -- gl = --'[U2" 

(9) 

(lO) 

(11) 

The mix ing  length  l e m u s t  be a funct ion of the e j e c t i o n  force  F e ,  va n i sh i ng  at some  c r i t i c a l  va lue  of 
F e . c r .  A s s u m i n g  a l i n e a r  r e l a t i o n s h i p ,  we can wr i t e  

lo = l §  e. 

F o r  gas l i b e r a t i o n  f r o m  the roof  with F e = Fe. c r  = 0 and f r o m  (12) we have 

lc - - 1 - -  F ~ e  

l Fcr 

(12) 

(13) 

Assuming Feto be proportional to Ri and bearing in mind that in the case of gas liberation from the 
lower wall the second term in (13) will be positive, we have 

lc - -  1 + Ri*, 
l 

where Ri *= Ri/Ricr. 

r a t i o  

(14) 

Since ~I is the l i m i t  va lue  for  e in the even t  of d i f fus ion  of a p a s s i v e  i m p u r i t y ,  it is n a t u r a l  to seek the 

(15) 
81 

as  a func t ion  of the Ri n u m b e r .  
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E x p r e s s i n g / c  v a n d / u  2 in (10) and (11) in t e r m s  of the c o r r e s p o n d i n g  c o r r e l a t i o n  c o e f f i c i e n t s  r c and 
r ,  and  b e a r i n g  in mind  e x p r e s s i o n s  (7), (9), and (14), f r o m  (15) we f ind that  

(0  ?'c : 1 /2  , n  : , 3 / 2  - r  = -  R~cr ~lx~ Ri* +_ Ri* i /2+ 1). 
t" 

When Ri  = 0, c0 = 1 and ,  c o n s e q u e n t l y ,  r e / r  = R i c / 2 .  

A s s u m i n g  r e / r  = Ri -1/2 = eons t  we find 
c r  

8 = 81 (Ri .3/2 • Ri* + Ri  .I/2 + 1). (16) 

The quan t i ty  gI i s  d e t e r m i n e d  in t e r m s  of the r e l a t i v e  c o e f f i c i e n t  of t u r b u l e n t  e x c h a n g e ,  i . e . ,  g~ = g i / v * H ,  
w h i c h  fo r  the g iven  type  of a i r  condui t  i s  a u n i v e r s a l  func t ion  of the c o o r d i n a t e s .  The  g r a p h  of the func t ion  
g~(x2), ob t a ined  e x p e r i m e n t a l l y  fo r  the cond i t ions  of a m e a n d e r i n g  sha f t ,  is  shown in F i g .  3. 

E x p r e s s i o n  (16) c l o s e s  the s y s t e m  of r e l a t i o n s  needed  fo r  the so lu t i on  of the p r o b l e m  of a c t i v e - g a s  
d i f fu s ion  in a v e n t i l a t i o n  s t r e a m :  

Oxl Ox2 (8 + D )  , 

U = U ' - -  sign ([~) U~, (17) 

8 ~ (081 . 

We have  the fo l lowing  b o u n d a r y  c o n d i t i o n s :  x 2 = 0, c = c w,  x 2 = H ~ c / O x  2 = 0. 

The  c o n c e n t r a t i o n  c w can  be d e t e r m i n e d  f r o m  the fo l lowing  c o n s i d e r a t i o n s .  

The quan t i ty  of  g a s  q e m i t t e d  p e r  unit  of the g a s - r e l e a s e s u r f a c e  p e r  uni t  t ime  m o v e s  only in t h e  
d i r e c t i o n  of the Ox2-axis in the f o r m  of the c onve c t i on  f low cwU w (a Stefan  flow) and in a m o l e c u l a r  d i f -  
fu s ion  flow D(0c/Dx2) w, w h e r e  Uw is  the v e l o c i t y  wi th  which  the n i i x t u r e  m o v e s  in the d i r e c t i o n  of  the Ox 2- 
a x i s ,  and the s u b s c r i p t  w r e f e r s  to the g a s - r e l e a s e  w a l l .  Conse que n t l y ,  b e a r i n g  in mind  that  q = Uw, we 
have  

U s i n g  the C r o c c o  i n t e g r a l  [1, 2] 

' Oc 
(18) 

c = n U + m ,  

u s i n g  the wa l l  b o u n d a r y  cond i t i ons  ~ / 0 x  2 = (0U/~_X2)w_and 0~'/~x2 = (~-/OX2)w when x 2 = 0, U = 0, and p = Pw 
and  u s i n g  the cond i t i ons  a t  the ax i s  when x 2 = H 0, U = U 0, and c = %, we ob ta in  

C O - -  C w 
c - - U +  c~,, 

Uo 

B e a r i n g  in m i n d  the fo l lowing r e l a t i o n s h i p s :  

Pw D = ; ~ ~ ~ - "r'w = awUav' P~' = Pa - -  (Pa - -  Pg) c=, 

f r o m  (18) and (19) we ob ta in  

ca = ~ (1 + o; + H) --  -4- (1 + p~ + n ) - -  (p~ + Con), 

2 �9 P a 
_'[I = awUav ; Pa 

Sc U0q (Pa - -  PS) Pa - -  Pg 

M a t h e m a t i c a l l y  the so lu t i on  of  s y s t e m  (17) is  f o r m u l a t e d  a s  f o l l o w s .  

(2o) 

whe r e  
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Fig. 5 

F i g .  4. G r a p h s  showing  the s o l u t i o n s  of the d i f fus ion  e q u a -  
t i ons  (A = (p - Pw) "104 kg  " s e c 2 / m  4, and x 2, m) :  a) x 1 = 45 
m ; b )  x 1 = 3 0 0 m .  

F i g .  5. C o m p a r i s o n  of the t h e o r e t i c a l  s o l u t i o n  wi th  the e x -  
p e r i m e n t a l  d a t a  (the s o l i d  l ine  d e n o t e s  t h e o r y ;  p, N �9 s e c  2 
/ m  4, and  x2, r a m ) .  

We have  to f ind the s o l u t i o n  of e q u a t i o n  

0p 0 D'(p)  0p (21) 
Ox i Ox 2 Ox2 ' 

so as  to s a t i s f y  the e a r l i e r - c i t e d  b o u n d a r y  c o n d i t i o n s .  

In th i s  equa t ion  the va lue  of the d i f fu s ion  c o e f f i c i e n t  D'(p)  a t  a g iven  po in t  i s  the func t ion  of the b e -  
h a v i o r  of the p func t ion  o v e r  the e n t i r e  i n t e r v a l  of v a r i a t i o n  in x 2. 

If we r e p l a c e  the d e r i v a t i v e s  in Eq .  (21) by d i f f e r e n c e s ,  we ob ta in  a d i f f e r e n t  equa t ion  which  r e l a t e s  the 
v a l u e s  a t  the t h r e e  po in t s  w i t h t h e  n u m b e r s  k -  1, k, a n d k  + 1 f o r a  f ixed  va lue  of x 1 which  n u m e r i c a l l y  is  
s o l v e d  by the p ivo t  m e t h o d  in con junc t ion  wi th  i t e r a t i o n  o v e r  p. The p i v o t  m e t h o d  is  e f f ec t ive  fo r  equa t i ons  
s u c h  a s  (21) when the d i f fu s ion  c o e f f i c i e n t  i s  a known funct ion  of x 1 and x~. The  unique f e a t u r e  of th is  p r o b -  
l e m  l i e s  in the fac t  that  D ' (p)  is  a func t ion  of the unknown funct ion  p o v e r  the e n t i r e  r e g i o n  of de f in i t i on ,  
i . e . ,  D ' (p)  is  the o p e r a t o r  a p p l i e d  to the func t ion  p. 

In o u r  c a s e ,  to u se  the p i v o t  m e t h o d  we m u s t  r e s o r t  to i t e r a t i o n s .  

We wi l l  r e p l a c e  the d e r i v a t i v e  in the l e f t - h a n d  m e m b e r  of Eq .  (21) by a d i f f e r e n c e .  We ob ta in  

p~+l __ pn 0 8p v+1 
- -  D '  (pV) - -  ( 2 2 )  

z 0Q 0Q 

H e r e  pn is the va lue  of the func t ion  p at  the n - t h  l a y e r  a t  x l ,  whi le  pu and pU+l a r e  the v a l u e s  of p ob t a ined  
f r o m  the v - th  and (u + 1)- th  i t e r a t i o n s  at  the (n + 1) - th  l a y e r  o v e r  x 1. 

L e t  pU be unknown.  Then  D ' ( p  v) i s  a known funct ion  and,  having  s o l v e d  Eq .  (3) by the pivoL m e t h o d ,  we 
f ind pU+i .  A s s u m i n g  the va lue  Of p a t  the z e r o t h  i t e r a t i o n  to be equa l  to pn, we can  thus f ind a l l  of the v a l u e s  
of pu. 

We wi l l  p r o v e  the c o n v e r g e n c e  of the i t e r a t i o n s ,  i . e . ,  the e x i s t e n c e  of l i ra  pV = p n + l  in the a s s u m i n g  
that D' is a continuous operator satisfying the condition ~-+= 

D' (p) a > 0. (23) 

The con t inu i ty  cond i t i on  can  be w r i t t e n  in the f o r m  

11D' (p') - -  D' (P")I] < Mo [IP' - -  P"]i (24) 

for any p' and p". 
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As p r o o f  we will  wr i te  an equat ion such as  (22) fo r  the v-th i te ra t ion :  

p V _ p , _  0 D'(pv-~) OP~ , (22') 
Ox~ Ox 2 

and f r o m  this we will  s u b t r a c t  Eq .  (22) for  the (u + 1)- th  i t e ra t ion .  If we denote the d i f fe rence  pv + ~ _ pUby 
~pU+ 1 the resu l t ing  equat ion is wr i t t en  as  fol lows:  

8p ~'+~ a D' aap~+_~_~_ ~ 0 [D,(p~)_D,(p~_~) ] 0p v (25) 
- Ox2 (P~) Ox~ ~-Ox~ Ox2 

Let  us now rep lace  the de r iva t i ve s  in the r i gh t -hand  m e m b e r  by d i f f e rences  and we will  wr i t e  the 
r e s u l t i n g  s y s t e m  of equat ions  in m a t r i x  f o r m .  We obtain the fol lowing equat ion:  

6P"+~ -- LSp "+1 + Q [D' ( P ' 0 -  D' (pV-,)]. (26) 

Here  L and Q a r e  m a t r i c e s ,  while 5p u+ t, D,(pU), and D ' (p  u - i )  a r e  v e c t o r s .  

The coef f ic ien ts  of the m a t r i x  Q a r e  funct ions of pV but because  of the m a x i m u m  pr inc ip le  which  pU 
s a t i s f i e s ,  the following inequal i ty  is val id:  

11Q i[ < M, (27) 

where  M is independent  of pV. 

The m a t r i x  Q is pos i t i ve -de f in i t e .  We can  a s s u m e  that 5p v + l  fo r  all  u sa t i s f i e s  the z e r o  boundary  
condi t ions .  It then fol lows f r o m  condi t ion (23) that 

I[Lao ~+1 I[ > eli 6P "+111- (28) 

Le t  us now find 6p v+l f r o m  Eq.  (26): 

6p,.+l -- (E + "t'L) -1 -tQ [D' (pv) _ D' (p,,-1)]. 

Here  E is a unit m a t r i x .  

F r o m  the pos i t ive  def in i teness  of m a t r i x  L and f r o m  condi t ion (28) we have the inequal i ty  

1 
{I(E + ~L)-Xll < - -  

I + , e  

F r o m  inequal i ty (27) and f r o m  condi t ion (24) we obtain 

I] Q [D' (p~) - -  D' (P~-9]]I -< m0m I]*P~ I!. 

Hence  fo r  11 ~pV§ 111 we have 

[I~P "+~ II ~ I + -~------/ 

As is well  known, the in te ra t ions  will  conve rge  if 

zMoM < 1, 
1 + , 8  

which can a lways  be ach ieved  th rough  p r o p e r  s e l ec t ion  of T. 

The p r o b l e m  was  so lved  on a U r a l - 2  digi tal  c o m p u t e r .  

F igure  4 shows the g r a p h s  fo r  the r e su l t ing  solut ions  under  na tu ra l  condi t ions  for  Uav = 0.15 m / s e e ,  
U0 = 0.2 m / s e e ,  a 0 = 1 7 . 1 0  -4 kg - s e c 2 / m  4, q = 1.6 "10 -4 m 3 / s e c  .In 2, while F ig .  5 shows the c o m p a r i s o n  of 
this  solut ion and the data  f r o m  a l a b o r a t o r y  e x p e r i m e n t  for  the downward  mot ion  of  the a i r  (fl = 30~ Uav 
= 1.31 m / s e c ,  U0 = 2.5 m / s e e ,  qgas = 1.21 .10 -4 m 3 / s e c  �9 m z, and a 0 = 29 "10 -4 kg . s e c 2 / m  4. 

NOTATION 

a0 is the perimeter averaged friction factor; 
c~ w is the friction factor of the wall; 
fl is the angle of incl inat ion to the hor i zon ta l  fo r  the a i r  duct;  
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is the concentration; 
is the concentration at the wall; 

is the coefficient of molecular diffusion; 

Is the coefficient of turbulent diffusion; 

Is the coefficient of turbulent transfer for momentum; 

is the body force; 

is the acceleration of the force of gravity; 
is  the he igh t  of the a i r  duc t ;  
is  the d i s t a n c e  be tween  the wa l l  of the a i r  duc t  and the ax i s  of the f low; 
a r e  func t ions  of ~I which  a r e  u n i v e r s a l  fo r  the s p e c i f i e d  l a t e r a l  c r o s s  s e c t i o n  and the g iven  r o u g h -  
n e s s  of  the channe l ;  
a r e  the c o e f f i c i e n t s  by m e a n s  of which  we take into c o n s i d e r a t i o n  the e f fec t  of the s ide  w a l l s ;  
is  the m i x i n g  l eng th  fo r  c o n c e n t r a t i o n ;  
a r e  c o n s t a n t s ;  
i s  the a b s o l u t e  v i s c o s i t y ;  
~s the p e r i m e t e r  of the l a t e r a l  c r o s s  s e c t i o n  of the a i r  duct ;  
i s  the p r e s s u r e ;  
i s  the d e n s i t y ;  
i s  the a v e r a g e  d e n s i t y  of the f low at  a g iven  c r o s s  s e c t i o n ;  
~s the a i r  d e n s i t y ;  
,s  the d e n s i t y  of the l i b e r a t e d  g a s ;  
, s  the c r o s s - s e c t i o n a l  a r e a  of the a i r  duc t ;  
i s  the Schmid t  n u m b e r ;  
~s the to ta l  s h e a r  s t r e s s  in the f low; 
is  the s h e a r  s t r e s s  a t  the w a l l ;  
is  the a v e r a g e d  v e l o c i t y  in the d i r e c t i o n  of  the m a i n  f low; 
is  the a v e r a g e d  v e l o c i t y  fo r  a f low of  u n i f o r m  d e n s i t y ;  
~s the a v e r a g e d  v e l o c i t y  of  flow wi th  f r e e  convec t ion ;  
is  the a v e r a g e d  f low v e l o c i t y ;  
a r e  the m e a n  s q u a r e  p u l s a t i n g  v e l o c i t i e s  in the d i r e c t i o n s  of the Ox 1- and Ox2-axes ;  
is  the "d i f fus ion  v e l o c i t y . "  
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